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Abstract 

We consider the previous proposal of the author to use an extension of spacetime 
obtained by taking the non-linear realisation of the semi-direct product of En with a set 
of generators belonging to one of the fundamental representations of En. We determine, 
at low levels, the symmetries that the associated point particle moving in this generalised 
spacetime should possess and write down the corresponding action. Quantisation of similar 
actions has been shown to lead to the unfolded formulation of higher spin theories and we 
argue that the generalised coordinates will lead in the non-linear realisation to an infinite 
number of propagating higher spin fields. 
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By studying the properties of the maximal supergravity theories in ten and eleven 
dimensions it has been conjectured [1] that a Kac-Moody algebra of rank eleven, which 
was called En, is a symmetry of M theory. In this paper we will address some of the open 
questions which arose in this work and show that their resolution, at low levels, makes 
contact with the higher spins theories that have already been studied in the literature [2- 
14] . As such, it will be useful to explain how the conjecture of reference [1] came about and 
what points were unresolved. In an earlier paper [15] it was shown that the formulation 
of bosonic sector of eleven dimensional supergravity which included a six form as well as 
three form gauge fields is a non-linear realisation of an algebra Gn, together with the 
space-time translations P a , with the local sub-algebra being the Lorentz algebra. The 
algebra Gn consisted of GL (11), which was responsible for gravity, as well as rank three 
and rank six generators. To be more precise reference [15] took the simultaneous non-linear 
realisation of Gn and the space-time translation with the conformal algebra and found 
that the result was precisely the equations of motion of eleven dimensional supergravity, 
up to the specification of one constant. 

The algebra Gn contained the algebra A w and the Borel subalgebra of E7 which was 
therefore seen to be a symmetry of eleven dimensional supergravity [15]. However, Gn 
looked incomplete in a number of ways, one of which was that it did not contain a larger 
local subalgebra than just the Lorentz group. In reference [1] it was proposed that one 
should replace Gn by a Kac-Moody algebra. It was shown that the smallest such algebra 
which contained Gn was En and it was proposed to use the non-linear realisation of 
this algebra with the local subalgebra being the Cartan involution I c invariant subalgebra, 
denoted I c (En)- Indeed, the lowest level generators of En were just those of Gn. It 
followed from the the work of reference [15] that the non-linear realisation of En at low 
levels contained the bosonic fields of eleven dimensional supergravity and the result was 
the bosonic sector of eleven dimensional supergravity theory, provided one introduced 
space-time by putting the space-time translations into the group element and took the 
simultaneous non-linear realisation with the conformal group. However, the full non-linear 
realisation of En leads to a theory with infinite number of fields [1] in addition to those 
of the bosonic sector of eleven dimensional supergravity. 

As is apparent from above, the work of reference [1] contained two open questions. The 
first of which is how can one introduce space-time, or equivalently, include the space-time 
translations in a way that is consistent with En? While, the second question concerns 
the conformal group. When used simultaneously with the non-linear realisation of En 
the conformal group has the effect of turning all the rigid transformations, at least at low 
levels, of En into local transformations. For example, GL(D) transformations become 
general coordinate transformations [16] and the transformations of the three form and six 
form fields become local gauge transformations [15]. However, what was not answered was 
what algebra should replace the conformal algebra when dealing with the full En theory 
and furthermore what was the closure of this latter algebra and the En algebra? 

An answer to the first question was given in reference [17]; it was proposed to included 
the space-time translations by working with a representation of En that included them. 
This was the fundamental representation h associated with the node on the far end of the 
longest tail of the En Dynkin diagram, usually called node one, which at low levels has 
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the generators [17] 
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Hence, if one takes the non-linear realisation of En® s li, simultaneously with the conformal 
group, one finds at low levels the bosonic sector of eleven dimensional supergravity theory. 
At low levels here means up to and including the rank six field of the En part, but only 
the space-time translations in the l\ part. The symbol ® s means semi-direct product. 

The h multiplet contains generators with the same index structure as the central 
charges of the eleven dimensional supersymmetry algebra and indeed they can be identified 
with them [17]. This was not expected as the En computation just concerned the bosonic 
sector and did not incorporate fermions and so also no supersymmetry. In fact the l\ 
representation is the multiplet of brane charges; this is apparent at low levels, but is also 
true at all levels and it provides an eleven dimensional origin for the exotic brane charges 
found in string theories in lower spacetime dimensions [26]. 

In the non-linear realisation of En ® s h one should introduce a generalised space-time 
with one coordinate for each generator in the l\ representation, that is 



If we restrict ourselves to level zero then En becomes GL(D) and the l\ representation 
just contains P a with the corresponding coordinate being the usual space-time x a . Using 
the Zi representation has the natural interpretation; it allows all possible ways of measuring 
"space-time", in particular it uses all possible brane probes and not just the point particles 
associated with the usual spacetime coordinate x a . However, as the l\ representation has an 
infinite number of generators so we have a generalised space-time with an infinite number 
of coordinates. This is perhaps not too troubling as the non-linear realisation is an effective 
theory, which hopefully encodes some of the most important symmetries of the underlying 
fundamental theory. Nonetheless, to build a non-linear realisation from an infinite number 
of coordinates would seem an intimidating proposition, but it is the purpose of this paper 
to make a first attempt by carrying out this calculation at low levels. 

It is worth noting that the En ®s h non-linear realisation provides a natural setting 
for discussions of the generalised geometry envisaged by Hitchin and others in that the 
generalised spacetime it leads to admits a natural action of U-duality transformations. In- 
deed, the precise extensions of space-time required to realise the known duality symmetries 
for M theory dimensionally reduced to three and above dimensions was given in reference 
[20] on page 14. 

The Cartan involution I c acts on the Chevalley generators by I c (E a ) = —F a , I c (F a ) = 
—E a and I c (H a ) = —H a . As such, it takes a generator corresponding to a root a to a 
generator with the root —a. The low level Cartan involution invariant subalgebra of -En, 
ic(-E'ii), which was computed in reference [17]. and found to contain the generators 



Here J a b are just the usual Lorentz generators. The commutators of the generators of 
equation (3) follow from the underlying En algebra. Those for the first three generators 
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were found to be given by replacing the generators by eleven dimensional 7-matrices of the 
same rank. Thus up to this level the commutators are consistent those of SL(32) which 
is just the algebra of 32 by 32 matrices with determinant one for which a suitable basis 
are the eleven dimensional 7-matrices. The commutator [S aia2a3 , S ai ... ae \ is also consistent 
with SL(32) provided one sets S bl ... b6 [aia2,a3] = ^^ aia2] b 1 ...b 6 ]c 1 ...c 4 7 Cl '" C4 , see equation 
(5.1) of reference [17]. Hence, up to level three I c (En) is the same as 51/(32). We note 
that SX(32) is not a subalgebra, but a truncation of En and above level three the two 
algebras are not the same. However, as we will be interested in just the first three levels 
we can replace the local subalgebra in the non-linear realisation, which was I c (En), by 
5"L(32). Up to level three this means keeping only the generators P a , Z ab and Z aim " aB in 
the l\ representation and so the coordinates x a , x a b, x ai ___ a& . 

It is an obvious consequence of reference [17] that X a , a = 1, . . . , 32 is a representation 
of I C {E\\) up to level three as it is a representation of SL(32). Indeed, it is a representation 
of I c (E\i) at all levels as this algebra is generated by Lorentz transformations and S aia2a3 , 
both of which possess transformations on A a . We can interpret A a as a spinor in eleven 
dimensional space-time. As the first three generators of this SX(32) coincide with those 
of I c (En) we can compute, from the underlying action of En, the transformations they 
induce on the generators P a , Z ab and Z ai — a6 in the h representation. These agree with 
those induced from the SX(32) transformations of the supercharges that occurs in the 
eleven dimensional supergravity algebra. However, as the spacetime generators P a that 
occur in the l\ representation of £11 and in the supersymmetry algebra are the same, we 
can therefore identify the two central charges in the supersymmetry algebra with the level 
one and level two generators in the h representation [17]. 

We now consider the role of the conformal group in more detail. Let us denote by 
conf(i?ii ® s /1) the algebra that should replace the conformal algebra used at low levels 
when carrying out the simultaneous non-linear realisation of En to all levels. We will 
denote this algebra more generally, by conf(G ® s h) if we are considering a non-linear 
realisation based on a Kac-Moody algebra G ® s l\ rather than En ®s h- 

We note that conf(GL(D) ® s /1) = SO(2,D), as the fundamental representation 
associated with node one is just a vector of SL(D) and so leads to the spacetime transla- 
tions, i.e. li = T D . This algebra consists of I C (SL(D)) = SO(l,D — 1), the translations 
P a and the special conformal transformations K a , both of which are representations of 
SO(l,D — 1). Clearly, conf(E , n ® s l\) must contain SO(2,D) at level zero. Given that 
conf(i?ii ® s Zi) will be used in a simultaneous non-linear realisation with En we might 
expect it to contain the same local subalgebra, namely I c (En) as then one only has to 
take objects that transform under this same local subalgebra to ensure invariance under 
the closure of both algebras. Up to level three this means it should contain the generators 
Jab, S aia2 a 3 , S ai ...a 6 i that is in effect SL(32), Both P a and K a must belong to representa- 
tions of 5"L(32) up to level three. This is the case for P a as this is contained in li which, up 
to level three, is the second rank symmetric tensor representation Z a p of 5X(32). In fact 
K a must also be contained in the representation Z a @ and so must contain K a , Z ao , Z ai __ as . 
As such, up to level three conf(E , n ® s h) contains GL(32), Z^p and Z a/3 . An algebra 
that contains all these generators in a natural way is 5p(64), indeed it is the smallest finite 



4 



dimensional semi-simple algebra to do so. The commutators of Sp(64) are given by 

[Z a s, Z 1 p\ = 0, [Z a p, i? 7 5 ] = —5 5 ol Z 1 f3 — 5pZ JCC (4) 

and 

[Z a \ Z^\ = 0, [Z af3 , IPg] = 5?Z aS + 5^Z S/3 (5) 

as well as 

[Z a p, = -5}Rj - 8 s a RfP - SIRS - SZRp 6 (6) 
In these equation we may write 

z a(i = Pairc-Xp + z^i^c- 1 )^ + ^•••^( 7ai ... a5 c- 1 ) a/3 , (7) 

and 

Z"? = K a {C la ) a p + Z aia2 (C^ a2 )^ + Z ai ... aB (C7 7 ai - 08 )^, (8) 

We will return later to the question of what is conf(Eii ® s Zi) at all levels. 

The use of the local subalgebra Sp(64) is confirmed by considering the supersymmetric 
extension discussed above. Now we must have an algebra that contains the conformal group 
and the supersymmetry algebra in eleven dimensions, but it is known [18] that the smallest 
such algebra is Osp(l/64) which contains as its Grassmann even part Sp(64). The relations 
of 0sp(l/64) are those of equations (4) (5) and (6) and 

{Qa, Qp} = Z a p, [Q a , Z 1 s\ = 0, [Q a , R^] = —S^Q^, (9) 

{S a , S?} = Z a \ [S a , Z^\ = 0, [ST, Rj] = sis?, sf 3 } = Rj, (10) 

It is straightforward to find a supersymmetric generalisation of the l\ representation 
up to level three. One expects that the fermions will only transform under the local 
subalgebra. This is indeed the case for the spinors that occur in the dimensional reduction 
of the maximal supergravity theories and for the inclusion of spinors into the E w theory 
[19]. Since up to level three the local subalgebra coincides with SL(32) we may take as 
our Grassmann odd partners 6> a , a = 1, ...,32. Hence, up to level three, we have the 
coordinates 

^/ 3 = ^(C7a) a/3 + x aia2 (C 7 a 1 a 2 ) Q/3 + a: ai --- a5 (C7a 1 ...a 5 ) Q/3 , and 6 a (11) 

The supersymmetry transformations are as usual given by 

fe a/3 = z(e a 6' /3 + e /3 6' Q ), 56 a = e a (12) 

The supercharge also transforms under SL(32) as in from equation (9). 

We could carry out the computation of the non-linear realisation of En Cg> s l\ up to 
level three, in which case the fields are the coefficients of the generators of the En part of 
the group element and they would be functions of the first three coordinates of equation 
(2), while the coefficients of the generators of the h representation in the group element 
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are the coordinates of the generalised spacetime in equation (2). However, it was explained 
in [20] that brane dynamics in the presence of a non-trivial background should also have 
an En symmetry and it will be much simpler to construct the analogous point particle 
action up the level three. The quantisation of this system leads to fields that depend on 
the three coordinates and so dynamics of the kind first mentioned. 

Subsequent to reference [1], but before reference [17], it was proposed [21] to consider a 
theory based only on the E w subalgebra of En, but a novel way was given of incorporating 
space-time that was different, even at lowest levels, from that considered in [1]. It was 
conjectured that space was contained in Eiq, in particular, the fields were taken to depend 
only on time and their spatial derivatives were to be contained at higher levels in the Eiq 
algebra. 

Before discussing the role of En in brane dynamics it will be instructive to recall the 
simpler dynamics of the bosonic particle (0-brane) moving in D dimensional Minkowski 
spacetime. The generic point particle possesses the symmetry ISO(l, D) which is non- 
linearly realised with local subgroup SO(D — 1) which is linearly realised. Thus one 
finds Goldstone fields for the spacetime translations and for the broken Lorentz group. 
Traditionally, one does not include the space-time translations, or the supercharges in 
the supersymmetric case, in the local subgroup, but it has been shown recently one can 
also include them and as a result worldline reparemeterisations and ^-symmetry naturally 
emerge from the non-linear realisation [27]. The massless bosonic particle possess more 
symmetry, namely the conformal group SO(2, D). In fact one can formulate the massless 
point particle action as a non-linear realisation based on the conformal group SO(2, D) 
for an appropriate subgroup and depending on the parameterisation of the coset one can 
find different equivalent formulations some of which contain twistor variables in a manifest 
way [22]. 

It is also possible to construct bosonic branes coupled to gravity from the viewpoint 
of non-linear realisations [15]. We recall that gravity by itself is just the non-linear real- 
isation of IGL(D) = GL(D) ® s T D when carried out simultaneously with the non-linear 
realisation of the conformal group, the local, subgroup for both groups being the group 
SO(l, D — 1) [16, 15]. In this formulation the fields associated to the generators of space- 
time translations are the coordinates of space-time and the other Goldstone fields, that is 
the graviton field, depend on these space-time coordinates. To construct the dynamics of 
the brane coupled to gravity one takes the same symmetry group, i.e. IGL(D), but the 
local subgroup is now SO(l,p) <E> SO(D — p — 1). One also lets the "fields" associated with 
the spacetime translations and the broken Lorentz generators depend on the coordinates 
that parameterise the brane world volume, but the remaining Goldstone fields, that is the 
the graviton, depend on the latter fields. We note that for a massless particle we should 
also have the enlarged conformal symmetry. This is consistent with the construction of 
gravity from the simultaneous non-linear realisation of IGL(D) and this group. 

We now wish to consider the analogue of this discussion for a point particle of the 
formulation of M theory based on a non-linear realisation of En (g> s li. As explained 
above, the non-linear realisation in the absence of a brane is based on En ®s h with 
a local subgroup which is the Cartan involution invariant subgroup I c (En) ®s h- The 
algebra I c (En) is preserved by the vacuum when all the En Goldstone fields are absent, 
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that is we have no background and so it is the analogue of SO(l,D — 1) for the point 
particle. Thus the point particle of M theory in the absence of background fields should 
have as a symmetry algebra I c (En) ® s l\ and if it is massless it should be invariant under 
the analogue of the conformal group, that is conf(£ , n £g> s Zi). As pointed out above, up 
to level three I c (En) is just SL(32) which acts linearly on the coordinates x a , x a b, x ai ...a 5 
while conf(i?ii ® s h) is Sp(64). As a result, we require a point particle action with 
these symmetries. For the supersymmetric case the coordinates are those of equation (11) 
and the analogue of the conformal group is Osp(l/64). An action invariant under these 
symmetries is given by 

J drU^X a X p (13) 

In this equation IT^ = x af3 - i(6 a ¥ + #^ a ), a, (3 = 1, . . . , 32 and x af3 is the most general 
symmetric matrix of equation (11), x a @ = and A a and 6> a are Majorana spinors. To 
obtain the non-supersymmetric case we just set 6> a = 0. The spinor A a arises in taking the 
non-linear realisation of Osp(l/64), or in the non-supersymmetric case Sp(64), with an 
appropriate local subalgebra and it would be interesting to recover the above action from 
this perspective in a similar way to how actions of this generic form in lower dimensions 
have been found by taking smaller algebras in the non-linear realisation [22] . 

The action of equation (13) is obviously invariant under the supersymmetry transfor- 
mations of equation (12) and has a manifest linearly realised 5"L(32) symmetry. It also 
has a non-linearly realised Osp(l/64) symmetry as required. 

Actions of the generic form of equation (13) have appeared [8-14] in the literature 
in the context of higher spin theories. Indeed, upon quantising [8-14] such an action one 
finds the so called unfolded description [4-7] of the higher spin equations which have, in 
addition to the usual coordinates x a of spacetime, a number of bosonic coordinates which 
generically lead to an infinite number of higher spin fields. A number of bosonic and the 
supersymmetric actions have been quantised and the towers of resulting higher spins found 
[8-14]. 

However, the action of equation (13) has not been quantised for the eleven dimen- 
sional case, nor have the corresponding actions for the IIA and IIB cases. The action for 
the IIA case contains a Majorana spinor of the ten dimensional theory and the Grassmann 
even coordinates are just those corresponding to the central charges of the supersymmetry 
algebra that occur for the IIA theory, i.e. x a , x ah , x ai ,__ a5 , x ai __ M6 , x ai ,__ ag , x ai ,„ ai() . How- 
ever, for the IIB theory we take the spinors to be two Majorana- Weyl spinors of the same 
chirality and the Grassmann even coordinates are given by 

x ai(3j = (C la P±) a H ij x a + {C 1 a P±) ap x^ + 

(C 1 aia2a3 P±) aP e^x aia2a3 + {C 1 ai - a "P±T P x%^ ij = 1,2 (14) 

where x l J is symmetric and traceless in its ij indices, x l J ± ar is only symmetric in its ij 
indices, but self-dual, or anti-self-dual, in its a\ . . . indices. 

If we consider the action of equation (13) for x ab = = x ai '" a5 , and impose the 
constraint (A7 a A) 2 = 0, then it is equivalent to the Brink-Schwarz action [25] whose 
quantisation is known to lead to the massless states of eleven dimensional supergravity. 
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The actions for the IIA and IIB cases with all the coordinates except x a set to zero are 
equivalent to the corresponding Brink-Schwarz actions. On the other hand, if we set 6 a = 0, 
its quantisation leads to an infinite number of higher spin fields. Thus the quantisation of 
the action of equation (13) should lead to an infinite number of propagating higher spin 
fields which occur in multiplets of spacetime supersymmetry and have as their lowest states 
those of eleven dimensional supergravity. It would be interesting to find out precisely what 
higher spin fields it propagates. Similar conclusions hold for the IIA and IIB cases and 
one cannot help wondering if one then finds some connection with the states of the IIA 
and IIB string theories. 

In this paper we have constructed, at low levels, the dynamics of a point particle 
associated with a formulation of M theory based on a non-linear realisation of En ® s h- 
We have isolated the symmetries that such a point particle should possess at low levels, 
and we have written down a corresponding action. It is of the generic form of the point 
particle actions whose quantisation in less dimensions and for few supersymmetries have 
been previously considered and have been shown to lead to an infinite set of higher spin 
fields. The final quantised form of equation (13) will be a dynamics involving fields which 
are functions of the infinite set of coordinates associated with the h representation. It 
would be interesting to see if this was the same as the non-linear realisation of En ® s h 
with local subalgebra I c (En), however, in both cases one expects to find an infinite tower 
of higher spin fields. It is possible that one finds in this way the string states contained 
in the non-linear realisation. We note that the dependence of the fields on the additional 
bosonic coordinates is responsible for the propagating the higher spin states. Very recently 
[23], it was shown that the fields in the adjoint representation contain all possible dual 
formulations of the on-shell degrees of freedom of eleven dimensional supergravity and that 
some other of these fields are likely to be responsible for the gauged supergravities in lower 
dimensions. Of course it is not excluded that the fields in the adjoint representation can 
also contribute to higher propagating degrees of freedom, however, a possible picture is 
that the fields associated with the adjoint representation of En, apart from those at levels 
zero and one, make the symmetry manifest and that the dependence on the additional 
coordinates lead to higher spin propagating states. It is important to stress that we 
have been working only up to level three and so with a truncation of the real theory. In 
particular, the underlying non-linear realisation containing the l\ representation possess 
an infinite number of coordinates and so the higher order results will be rather different. 

We close this paper by returning to the discussion of the algebra conf(i?ii ® s 
As discussed above this algebra should contain I c (En) and the conformal algebra. The 
generators P a and K a must separately belong to representations of I c (En)- We recall that 
P a is the lowest component of the l\ representation of En and it is natural to take K a 
to belong to the representation that is obtained from the l\ representation by the Cartan 
involution. This latter representation, is just the one with lowest weight — Ai, where Ai 
is the highest weight of the fundamental representation associated with node one. It is 
obtained from the l\ representation by acting with the Cartan involution I c and so we may 
write it as I c (h)- Assuming this we now give a plausible construction of conf(i?ii Cg> s li). 
The Zi representation can be constructed by adding one node to the Dynkin diagram of 
En = E% ++ attached by a single line to node one. That is consider the algebra E% +++ ; 
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the Zi representation is then just the generators of level one with respect to this new 
node [24]. The generator K a belongs to the representation of Eg ++ which is just all 
generators of the algebra Eg + with level —1 with respect to the additional node. We 
can now construct the algebra conf (En ® s Zi) from the algebra E% +++ . We assume that 
the commutator of two generators from the l\ representation vanish and adopt the same 
relation for any two generators of the I c (h) representation. This is tantamount to saying 
we only want generators of level and ±1 in conf(En ® s Zi). Given a generator A in 
the Zi representation, we can form the combinations R = A + I C {A) and S = A — I C (A). 
Clearly, I C (R) = R and I C (S) = —S and so the commutators [i?i,i?2], and [Si,^] are 
invariant under I c and are of level zero with respect to the additional node. As such, they 
are in E% ++ and so belong to I c (En) and we take their values in conf (En ® s Zi) to be 
just those that arise in the E^ +++ algebra. However, the commutator [Ri, S2] is of level 
zero with respect to the new node and so it is in E% ++ , but it is odd under I c . We now 
truncate the terms that appear on the right-hand side of this commutator. The simplest 
possibility to take all such terms on the right-hand side to be zero, except D = — J2 a 
which we keep. One could also envisage a less restrictive condition, however, this would 
have to be compatible with the Jacobi identities, in particular those involving I c (En), 
and the level analysis associated within En itself. Thus we have specified an algebra for 
the set of generators which are those in I c (En), Zi, I c (h) and D which we suggest to 
be conf (En ® s Zi). Should we apply this method to GL(D) ® s Zi it does lead to the 
conformal group SO(2, D) and up to the first three levels conf(E n ® s Zi) is Sp(64). This 
construction also works if we replace Es by any finite dimensional semi-simple Lie algebra 
G to construct conf(G +++ <S> s h)- This latter algebra is relevant for theories based on the 
non-linear realisation of G +++ £g> s h with which one can form the simultaneous non-linear 
realisation. Such theories include the extensions of pure gravity and the effective action of 
the closed bosonic string [1,28]. 
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